A NOTE ON THE MEAN VALUE PROPERTY

BY
ADRIANO M. GARSIA

Introduction. In a recent paper(*) A. Friedman and W. Littman have con-
sidered the following problem. In z-dimensional space is given a mass dis-
tribution u with compact support S, of total mass one. Then, a function u
defined in a domain D is said to satisfy the mean value property in D with
respect to u if

(1.1) w(z) = f u(s + 19)duly)

for all x€D and sufficiently small ¢£>0.

In the above mentioned paper the authors show that if u is positive and
S, is not flat, then all functions satisfying the mean value property with
respect to u are analytic. If uin addition satisfies certain restrictions, then the
functions satisfying the mean value property with respect to u fill only a
finite dimensional vector space of polynomials.

In particular the latter result is shown to hold if u is positive, S, is not
flat and contains only a finite number of points. It is also shown that when
u is positive and concentrates equal masses at N points, then the polynomials
satisfying the mean value property with respect to u are all of degree less than
or equal to N(N—1)/2.

It develops that the last mentioned result holds under lesser conditions on
the mass u.

It will be the purpose of this note to show that the following theorem
holds.

THEOREM. If u concentrates all its mass on a finite set of points S=P,
UP,\J - - - \UPy whose convex hull is not flat and if in addition, setting
M;=f(p‘)d[.l. we have

pi A iy 4 Fopg #O forali< i <iz<---<4H4 =N

then the functions satisfying the mean value property with respect to p fill only
a space of polynomials of degree less than or equal to N(N—1)/2.

1.1. An auxiliary result. To establish the theorem we shall need the follow-
ing
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(*) Editorial note. See Functions satisfying the mean value property, immediately preceding
this paper.
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LeMMA. Let a,(y1, ¥, - * +, yn) for p=1,2, - - - | N be polynomials in the
indeterminates y1, ¥s, + + -, Y defined as follows
(1.11) ”p(yl’ Yot 0y yN) = E Ciruig, + 1Y Yis * * ° Vipe

154<- - <ipsN

Then if ciy iy, .. ,ip #0forall1 241 <4,< - - - <1, SN, all monomials of the type

NN —-1)
a=yys -, bt bt hy> D

belong to the ideal generated by a1, 03, - - - , ON.
Proof. Let K= (ky, ks, - - -, kx) denote an N-tuple of non-negative inte-

gerssuch that &y =k, = - - - Zky. Weshall set d(K) =ky+ke+ - - - +kv. lf
is a monomial in the y,'s, we shall write exp a=K=(ky, ks, - - -, ky) if and
only if

ky ks kN
a = Yiuliy * * iy
where (41, 43, * - -, 4x) is some permutation of (1, 2, - - -, N). The set of all

K such that d(K) =M (for a fixed M) will be ordered by setting
K= (kyky -, ky) <H= (b, hoy -+, hn)
if and only if
ki=hy, -,k =h, but ks < kg forsomel1 Sy < N — 1.

We shall also adopt the following convention: for two polynomials
Ay, ¥z, ¢ -+, y~) and B(yy, 32, * + -, yn) the relation 4 =B is to mean that
the polynomial A — B belongs to the ideal generated by o4, 03, - - -, on.
Now, suppose that H= (h, hs, - + -, hy) is such an N-tuple that
(1) d(H)=M.

(2) For every moromial a the relations d(exp a) =M, exp a<H imply

(3)aP;):‘).some permutation (1, fq, - + - ,jx) of (1,2, - - -, N)
(1.12) & = Yy -+ Y # 0.
Then one of the following must hold: either
(a) h>ha+1 forsomel SASN -1
or
(b) h=Sha+1 forall AN -1,

Inthe case that (a) holds we express y;,3;, * * * ¥; by means of (1.11) writ-
ten for p =X\ and obtain
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-1 Gyl +1iy)
Vidis * * Y= — Cipri, -\ Yir, ¥iz * * * Viy
(721 NEER N

= C(yil-yiz- R y.i)\)

where the sum is to include all the terms in (1.11) with the exception of the
term in y;,9;, - - - ¥;. Hence we get

hy—1 hy— h\—1 A
(113) =95 2 9n Fnn im € G di 71 95).

It is clear that the expression on the right-hand side of (1.13) when ex-
panded will yield a linear combination of monomials of degree M. We claim
that for each monomial « that will be produced we shall have exp a< H. In
fact, each monomial appearing in C(y;,, ¥j,, * * + , ¥j) contains at most A —1
of the variables y;,y;, - - - ¥;. Thus for each a appearing on the right-hand
side of (1.13) exp a will not have all the first A components as large as
ki, ks, - - -, b\ For, every exponent k; with 4=X+41 even if increased by one
unit, can never become as large as one of the by, ks, « - -, k.

From these considerations, in view of the hypothesis (2) we obtain a,=0,
a contradiction. Thus only (b) is possible. However, (b) implies that

dH) = Nbxy+14+2+.--4+N-1.

Now, if d(H)>142+4+ - - - +N—1, we must have Nhy=1; but this (in
view of (1.11) written for p=N) would again imply ay=0. Thus the only
hypothesis compatible with a0 is d(H) S N(N—1)/2.

To complete the proof of the lemma, we observe that for a given M either
all monomials of degree M are congruent to zero or there is a set of exponents
H such that the conditions (1), (2), and (3) are satisfied.

1.2. Proof of the theorem. Let the point P; on which u concentrates the
mass u; have coordinates

(xi.l, Xi,2 * 0y xi,n)-

Denote by y; and L, the differential operators

kd d
(1.21) yi= 2 %ij— ¢=12---,N)
=1 9x;
and
N
(122) L,= Z #i}’? (1’ =12, etc.).

t=1

A. Friedman and W. Littman have shown that every function
u(x1, %2, - - -, xs) which satisfies the mean value property with respect to u
is a weak solution of the differential operators in (1.22).
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There is a short and elementary proof of this result which proceeds as
follows. We multiply the equation (1.1) by a C* function ¢(x) whose support
is compact and contained in D and obtain

(1.23) [ w@oiz = [ow [ ] e+ ty)dﬂ(y)] .

Changing the order of integration and making the substitution x+ty=2 we
can write (1.23) in the form

(1.24) [ wtwewaz = [ [ [ ot - ty)du(y)]dz-

We then observe that, since ¢ is C* and has compact support, the right-hand
side of (1.24) can be differentiated under the integral sign as many times as
we please. Since the left-hand side is constant, all the derivatives of the right-
hand side must vanish. In particular, (for £=0) we must have

a7

k1 ke kn
1.25 C e Ya 4 fuz dz =0
(123 kl+k2+;+kn=p s il | ) dx1guls . . gakn

for p=1, 2, - - -, etc. This implies the assertion(?).
Let now ¢ be a dummy variable and note that

d S, wayit (0]0))
1.26 Lp = ===
(120 f\;x ” g 1—yt  P@)

where we have set
P@t) = (1 —3y)(1 — yat) - - - (1 — ywt)

and

i

Q) = 2 wy0:®, Qi) =TT (1 — 9.

=1

We can write (1.26) in the form

PO S L = 00).

Since Q(¢) is a polynomial of degree N —1 we deduce that each of its coeffi-

(2) As was pointed out by the above mentioned authors, when u is a positive distribution,
the infinite system (1.25) is equivalent to the mean value property. For then, the equation one
obtains from (1.25) for p=2 is elliptic and by Weyl's lemma u must necessarily be analytic.
Thus the right-hand side of (I.1) is analytic in ¢ and it is a constant (in ¢) if and only if all its
derivatives vanish for £=0.
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cients belongs to the ideal generated by Ly, L,, - - - , Ly. To calculate these
coefficients we write Q;(¢) in the form

N—1
Qi) = 2 (=10,

v=0

where ¢;,, denotes the elementary symmetric function of degree v in the N —1

variables y1, s, * * -, ¥i-1, Yis1, © ¢, ¥5. We then have
N N—1 ’ y N-—1 v u Y
Q) = Zuyi 2 (Dot = 2 (=) ovial,
=] y=0 y==0

where we have set

N
(1.27) Trp1 = D BYiTin.

t=1

It can be readily seen that each o* is of the type

(1.28) 0, = 2 CiineiYidin Vi
1501< " - ~<ipsN

But the actual expressions for the coefficients ¢;,,s,, . ..,;, can also be obtained.
In fact, because of the symmetry of the problem, we need only to calculate
the coefficient of y1, ¥z, + + -, ¥541 in (1.27). However, a monomial such as
Y1, ¥2, * * *, Y»+1 can only be produced by the first v41 terms in the sum
(1.27). On the other hand, ¢;, for 1<7<v+1 contains exactly once the
monomial y1y; * * * ¥i—1¥it1 + + * Y41 The coefficient of y1yz - - - y,41in (1.27)
is therefore uy+p2+ - - - +u,41. Consequently we must also have

Ciryig,+onyip = Miy T Mig + =+ + + w4,

In view of the hypothesis of the theorem the lemma can be applied to
deduce that the function u(x1, x,, + + + , x,) must alo be a weak solution of all
differential operators of the type

N(N-—l).

(1.2)  a=9'y 9%  Ritht -+ > ;

The assumption that the support S=P,\UP,\J - - - \UPy is not flat assures
that the differential operators

ak1+kz+~"+k1v N(N —_ 1)
(1.210) 8= ki +ket -+ by > —

kg .k %
Ox10x52 -+ - xRN 2

can be expressed as linear combinations of the differential operators in (1.28).
We thus obtain that u(x;, xs, + + +, x,) is a weak solution of all operators in
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(1.210). In other words, % (x1, %2, * * + , %,) is a polynomial in its arguments
of degree not exceeding N(N—1)/2.
Perhaps we should add the remark that from (1.26) it can be deduced

that the finite system
(1.211) Lwu=Lu=-:--=Lyu=0

is equivalent to the infinite system L,u=0 (p=1, 2, - - -, etc.). Therefore
each polynomial « satisfying (1.211) will also satisfy the mean value property
with respect to u.
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